
VOL. 15, NO. 6, JUNE 1978 J. AIRCRAFT 345

Prediction of Diffuser Core Flow Fluctuations
Caused by Oscillating Turbulent Flow

A. Schachenmann* and D.O. Rockwellt
Lehigh University, Bethlehem, Pa.

Theoretical consideration of the time-dependent diffuser core flow, involving two limiting models (high-
frequency and low-frequency) for the time-dependent effective core flow area, results in predictions for decay of
the first harmonic core velocity and wall pressure amplitudes with streamwise distance. In order to predict these
decays, it is necessary to specify only time mean core flow and either time-dependent diffuser inlet or exit
conditions. The theoretical models are compared with experiments for diffuser inlet conditions, spanning a ten-
fold range of dimensionless frequencies. The high-frequency model best predicts the decay of core velocity
fluctuations and wall pressure fluctuations in the streamwise direction. A backward calculation scheme, which
uses diffuser exit conditions as initial conditions, enables good prediction of the fluctuating wall pressure
distributions when the diffuser exit exhausts into the atmosphere. An order-of-magnitude analysis yields a
simple expression for decay of the core velocity fluctuations when the dimensionless frequency is approximately
unity.
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Nomenclature
piston radius
geometric area
flow area
time mean flow area
flow area fluctuation
blocked area
time mean blocked area
blocked area fluctuation
complex amplitude of flow area fluctuation
speed of sound
diffuser diameter
blockage factor = Aj-/A

effective mass
static pressure
mean static pressure
static pressure fluctuation
complex amplitude of static pressure fluctuation
radial coordinate
diffuser radius
Reynolds number = (u0D) Iv
frequency parameter, Strouhal number = (coL)/w 0
time
velocity
mean velocity
velocity fluctuation
centerline velocity
complex amplitude of velocity fluctuation
axial coordinate
distance from wall
density
mean density
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p = density fluctuation
co = radian frequency of oscillation
d* = boundary-layer displacement thickness
B = boundary-layer momentum thickness
A = variation
0 = phase angle

Subscripts
0 = diffuser inlet
I = diffuser exit

Introduction
The propagation of organized oscillations through diffusers

occurs in a number of turbomachinery systems. For example,
stator flow passages are subjected to oscillatory flow
generated by the passing rotor blade wakes; the diffuser
downstream of the compressor in a gas turbine experiences
oscillatory flow; the vaned diffuser section of a centrifugal
compressor undergoes periodic flow due to the impeller blade
wakes. An understanding of the oscillating turbulent flow in
an unstalled diffuser requires study of the time-dependent
inviscid core flow. Outside the boundary layer of such a
diffuser flow, the core flow pressure, velocity, and effective
flow variation with time at a given axial position impose
conditions on the boundary layer which dictate its time-
dependent growth. Since the diffuser flowfield is an internal
one, the variation of the core flow parameters is coupled with
behavior of the boundary layer. Thus, an exact independent
specification of the core flow is not possible. This in-
vestigation focuses on development of an approximate core
flow model, enabling independent prediction of the time-
dependent core flow when the time mean core flow and time-
dependent diffuser inlet conditions are prescribed. The time
mean core flow can be predicted using one of the currently
available step-by-step numerical boundary-layer prediction
methods.

The most closely related previous investigations consider
two basic classes of unsteady internal flow problems: un-
steady fully developed turbulent flow and unsteady inviscid
flow. Regarding the former class of flows, Brown et a l . J

examined in detail fully developed turbulent flow in long
constant-area lines, and Strunk2 carried out the analogous
study for laminar flow. Earlier references are cited in both of
these works. Concerning the latter class of flows,
Whitehead,3 Powell,4 Eisenberg and Kao,5 and Chiang et
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al.6 studied the inviscid small-amplitude disturbance
propagation through various sorts of ducts. No attention has
been given to the situation of oscillating internal flow, where
at any cross section of the flow there exists an inviscid core
surrounded by a boundary layer of substantial thickness. The
present study involves use of the experimental techniques
described in Ref. 7 and formulation of a theoretical core
model to give insight into such core flow behavior.

Core Flow Theory
As shown in Fig. 1, the problem is posed as a quasi-one-

dimensional, isentropic core of cross-sectional area Af nested
within a time-dependent boundary-layer displacement area
indicated by the cross-hatched region. The cross-sectional
area of the flow occupied by the integrated boundary-layer
displacement area is given by A—Af. Figure 2 defines the
notation for the core velocity and wall pressure fluctuation
amplitudes, along with corresponding phase angles.

At a given location in the diffuser core, the continuity and
momentum equations read

d(PA) [ d(puAf)
dt dx (1)

—- + W-T—dt dx p dx

Writing the corresponding steady-state equations,

dx

du
~dx~

(puAf)=0J

1 dp
p dx

(3)

(4)

Relation mean flow area to mean velocity in the diffuser core
by use of the continuity equation (3),

dAf - du - d p
pu—- +pAf—— +uAf—— =0dx J dx J dx

using the isentropic equation for speed of sound,
dp 2-2

dp
= c*

(5)

(6)

and

dp dp 1 du= —pu-
dx dx c2 dx c2

and solving for ( l / A f ) ( d A f / d x ) , it follows that

1 du / u2 \= — _ —— ( / — —— )
it dx \ c2 /Af dx (7)

As an approximation, the flow parameters can now be
considered sums of a steady component and an unsteady
component:

u(x,t) = u(x)+u(x,t)

p(x,t) =p(x)+p(x,t)

Af(x,t) =Af(x)+Af(x,t)

p ( x , t ) =p(x)+p(x,t)

(P>P)

(Af>Af)

(8a)

(8b)

(8c)

(8d)

Writing the continuity and momentum equations, neglecting
terms of second order, and using the steady-state equations (3

and 4), new forms of the continuity and momentum equations
result:

= 0
dp d _ „ - _ _ ~ _ _ -
dt dx

du
dt

du
' " dx

. du
1 u dx

i
P

dp
dx 2p2 idx

For small values of p and p, the following approximation can
be made:

dp
dp

P
P (U)

Carrying out the differentiation of Eq. (9) and using Eq. (11),

A dp AfU dp
~^Tt + 2 dx +A'^

dAj
~dx + dx

- du dA+ Afp-^— + pu
dx

-dx
Afu dp Afpdu pit dAf ^

J J i. ——J. =Q

dx dx dx
(12)

Dividing Eq. (12) by A, using Eqs. (4, 7, and 11), and defining

EsAf/A (13)

Eq. (12) becomes

Eu dp ^ du
dt

pu dAf
~A ~

f i 2

.2 a, + A dx + C2 dx
+Ep~ dx

puE^ du
u \ dx

Similarly, the momentum Eq. (10) becomes

du du
+ u ^^ + r,+ ̂ i

p dx I C2p J
du

dt dx p dx I c2p J dx

Now assuming that the perturbations are harmonic,

u = Uei"t p = Pei"t Af = Bei«<

where U, P, B are complex.

(15)

(16)

Fig. 1 Schematic of diffuser core flow.

.wall
0p(x/L)
p (x/L)

Fig. 2 Notation for fluctuation amplitudes and phase angles in the
diffuser core and along the diffuser wall.
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Inserting Eq. (16) into the momentum Eq. (15) and the
continuity Eq. (14),

/CO

,.2

pudB EudP
Adx c2dx

dU
dx

B du

and

dx
du 1 dP

———— _|_ —— ———— =Q

^ p J dx p dx

(17)

(18)

Solving Eq. (18) for dP/dx, substituting the resultant
expression into Eq. (17), then solving for dU/dx, we have

dU
dx

u dB _ B
A dx A

du
~dx~

iuP
(19)

Now, solving Eq. (18) for dU/dx, substituting the expression
into Eq. (17), and solving the resultant equation for (7/p)
(dP/dx), we have

7 dP
pdx

Pu
pc2

u2dB
Adx

f
/co-

L
du

——
dx

B du
(20)

Equations (19) and (20) are two coupled differential
equations for the velocity, pressure, and area perturbation
amplitudes U, P, B. In order to solve these equations, it is
necessary to specify the time mean core flow and the flow area
perturbation B. Since it is desirable to be able to predict the
time-dependent core flow a priori for a specified mean flow,
two simple models for the flow area perturbation B will be
considered. In essence, formulation of these models requires
physical approximation for the behavior of the time-
dependent boundary-layer.

The extensive theoretical and experimental information
available for unsteady laminar boundary layers can provide a
cue for the high-frequency behavior of the unsteady turbulent
boundary layer. According to Lin,8 the "ac" boundary-layer
behavior is decoupled from the time mean boundary layer if
( < $ a c / < 5 ) 2 < ^ l , where <5ac = V2*>/co. For the highest frequency
(35 Hz) considered herein, (6ac/<5)2 =2.5 x 10~3 < 1. It
should be noted that the effective value of viscosity for
turbulent flow is greater than v, so this criterion is only an
approximation. This tendency for decoupling leads to the
high-frequency assumption proposed here. The core flow
oscillations are assumed to penetrate the time mean turbulent
boundary layer to the wall unaltered, and the influence of any
turbulent "ac" layer is neglected. Equations (A10) and (All)
of the Appendix give the required manipulations to arrive at
the expressions for the high-frequency flow area perturbation
and its streamwise gradient

At very low frequencies and small amplitudes of oscillation,
the behavior of the boundary layer should be quasisteady.
The local velocity fluctuation amplitude in the boundary layer
is assumed proportional to the local time mean velocity in the
boundary layer. If the instantaneous boundary-layer
displacement thickness made dimensionless with respect to

diffuser radius R is defined, the displacement thickness is
invariant for all time, as long as the proportionality between
local fluctuation and time mean velocity holds. Since
displacement thickness is invariant, B = Q and dB/dx = 0. This
sort of low-frequency behavior is approximated, for example,
by the low-frequency disturbance boundary-layer profiles of
Ref. 7.

Substitution of the expressions for the high- and low-
frequency flow area perturbation models in Eq. (19) and (20)
yields, after manipulation, the following sets of simultaneous
equations for the velocity and pressure perturbation am-
plitudes. For the high-frequency approximation,

dU
~dx~

du

-
-U-E)

dA
:dx

dE
——dx

Eui<j)

(21)

dP du

pc2

dw
——dx

7
(22)

For the low-frequency approximation,

dU

[. r / u2 \ 1 du u ^) /coP I
Etf (7+— j-) —— —— - + — /co - —— j-L (A c2 / u dx c2 ) pc2 J

23

7 dP
 = f 7

p dx l£(l-u2/c2)

du
(24)

Either set of simultaneous differential equations can be
solved numerically to yield the pressure and velocity per-
turbation amplitudes by specifying only the time mean core
flow velocity and area, the geometric area of the diffuser, and
the frequency of the applied oscillation. Detailed discussion
of the solution procedure appears in Ref. 7. A numerical
marching type of solution was used. This involved starting at
the diffuser inlet and marching downstream or at the diffuser
exit and marching upstream. The former is termed a forward
calculation scheme and the latter a backward calculation
scheme.

An order-of-magnitude analysis of each of the terms in the
simultaneous Eqs. (21) and (22) reveals a particularly simple
expression for the velocity perturbation amplitude, where the
limiting value of dimensionless frequency StL — 1 and the
order of magnitude of each of the physical variables is U~ U,
P~P,E=Af/A~\,A~L2, x~L, p-pu2,, u~~u0, and
w2 /c2 ~ U Q / c 2 <^1, where u0 is the time mean value of the
diffuser inlet velocity. Using the definition of dimensionless
frequency, StL=u>L/u0, assuming that ( w 0 / c ) 2 < l l , and
retaining terms of order U/L and the pressure term, Eq. (21)
becomes

±U~U—— ——
dx u dx U-

dE /coP
dx pc2 (25)
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The order of the pressure term remains for evaluation.
Considering Eq. (22), an order-of-magnitude analysis
followed by considerable manipulation yields an ap-
proximation for the magnitude of the pressure amplitude in
terms of velocities Pip ~ u0 U. So the pressure term in Eq. (25)
takes the form

iaP u0 1 P ( u0
2 \ U

7^ £T?T v L ~ ? ~ / T ~
It is evident that this pressure term is much smaller than the
other terms in Eq. (21), so the approximate differential
equation for the velocity perturbation amplitude becomes

u dx dx

Integrating and using the known time mean conditions at the
diffuser inlet (u0 and E at x = 0), the decay of the velocity
perturbation follows:

(E-E0)

This decay, which is independent of frequency of oscillation,
is limited to the case where the dimensionless frequency
approaches unity, the diffuser inlet velocity is an order less
than the speed of sound, and the diffuser flow area is the same
order as the geometrical area.

Experimental Results
Use of the experimental techniques described in Ref. 7

enabled measurement of the first harmonic of the organized
wall pressure and core flow velocity fluctuation amplitude
and phase. The technique for measuring these organized
components in the turbulent flow is similar to that used by
Hussain and Reynolds9 for a perturbed fully developed
turbulent channel flow. In short, the measured wall pressure
fluctuations and core flow velocity fluctuations were sub-
jected to a phase-averaging process in order to extract the
amplitude and phase of the organized pressure and velocity
fluctuations. This extraction process was necessary, since the
applied organized (essentially sinusoidal) disturbance at the
diffuser inlet was super-imposed on background random
turbulence as it propagated downstream through the diffuser.
These extracted pressure and velocity amplitudes are denoted
by p and u. Corresponding phase angles are denoted by <t>p
and </> w . For these experiments, the range of dimensionless

frequency 0.63 ~ StL < 7.33 [0.86 x 10 ~ 3 < (St9Q ) iniet
<5.28xlO-3(0</<35 Hz)] and «0 /«0<0.10 were
examined. Average time mean inlet Reynolds number was
Re=l.55x 105(Mach number = 0.044), and time mean
displacement and momentum thicknesses were do/R = 0.012
and 60/R = Q.lQl, respectively. The diffuser, which was
smoothly faired at its inlet, had an included angle of 12 deg
and an inlet diameter of 6 in. Measurements indicated that no
flow separation was present.

Since evaluation of Eqs. (21-24) requires knowledge of the
time mean core flow, it is essential to specify the degree of
alteration of time mean core flow and boundary-layer
parameters, relative to a zero applied oscillation state, when
an oscillation of defined frequency and amplitude is generated
at the diffuser inlet. Detailed measurements of the mean core
flow and boundary layers,7 subjected to the aforementioned
spectrum of frequencies and amplitudes of interest in this
study, revealed insignificant alteration of the undisturbed
time mean flowfield. In addition, the root mean square of the
core flow velocity fluctuations, in the absence of the applied
oscillation, was measured to be of the order of 2% of the time
mean core velocity.

The variations of core flow pressure amplitude, velocity
amplitude, and phase with streamwise distance are referenced
to the respective values at the diffuser inlet in the plots of
Figs. 3-5. These three sets of plots are representative of the
span of dimensionless frequencies (StL) of interest on this
study. Reference 7 gives additional intermediate data. For the
variation of the core flow velocity fluctuation, both high- and
low-frequency models are shown. There was insignificant
difference between the forward and backward calculation
schemes. However, for the variations of the wall pressure
fluctuation, both forward and backward calculation schemes
are shown. It was not possible to use the measured pressure at
the diffuser exit as the initial condition for the backward
calculation scheme because of its very low amplitude. This
diffuser exit pressure fluctuation amplitude was determined
from the accurately measured exit velocity fluctuation and an
acoustic model using an effective diffuser exit air mass.7 Of
course, measured pressure and velocity fluctuation am-
plitudes at the diffuser inlet served as the initial conditions for
the forward marching scheme. In summary, the backward
calculation scheme accounts for the unsteady flow mismatch
at the diffuser exit, whereas the forward calculation scheme
does not.

At the lowest frequency (Fig. 3), the measured velocity
fluctuation amplitudes fall within an envelope formed by the
high- and low-frequency models. At the moderate and high
frequencies (Figs. 4 and 5), the velocity amplitudes are
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Fig. 3 Oscillating core flow data: StL = 0.63.
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Fig. 4 Oscillating core flow data: StL = 1.89.



JUNE 1978 DIFFUSER CORE FLOW FLUCTUATIONS 349

.25 .75

P/Po &- P
O measured &
— HFmodel forw. — • —
— HFmodd bockw. — • - —

1.0 x/L

180"

14O°

0 .25 .50 .75 1.0 x/L
Fig. 5 Oscillating core flow data: StL = 7.33.
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Fig. 6 Comparison of phase angle between velocity and pressure
fluctuations at different axial distances for a range of excitation
frequencies.

predicted well by the high-frequency model; pressure am-
plitudes are predicted best by the backward calculation
scheme, which accounts for the mismatch at the diffuser exit,
except at very low frequencies, where the acoustic model used
to approximate the diffuser exit conditions becomes inac-
curate.

Variation of amplitude and phase of the velocity oscillation
within the boundary layer can cause deviations of the ex-
perimental pressure data from the high-frequency theroetical
predictions (see boundary-layer data of Ref. 7). Writing the
continuity equation for a control volume between the diffuser
inlet and diffuser cross section of interest shows that am-
plifications of amplitude within the boundary layer, relative
to local core flow, tend to produce experimental values below
predicted values, and vice versa for amplitudes in the
boundary layer smaller than local core values.

It is useful to compare the phase of the local pressure
oscillation with that of the local velocity oscillation at a given
value of x/L. The plot of Fig. 6 illustrates such a comparison
at the locations x/L = Q and x/L = 0.7'5. At high frequencies,
the pressure oscillation leads the velocity oscillation by ap-
proximately 110 deg. This lead increases sharply at low values
of dimensionless frequency (StL).

Conclusions
1) A high-frequency core flow model is capable of

predicting the unsteady core flow characteristics when only
the time mean core flow and the unsteady flow parameters at
the diffuser inlet (or exit) are specified.

2) The predicted velocity amplitude decay is insensitive to
diffuser exit conditions, whereas the predicted pressure
amplitude decay at high dimensionless frequencies is sensitive
and requires use of a backward calculation modification of
the high-frequency model for accurate prediction.

3) Phase angle between wall pressure fluctuation and core
velocity fluctuation at a given axial station is predicted well
using the high-frequency model.

4) For the special case of dimensionless oscillation
frequency approaching unity, a time mean core flow area the

. same order as the diffuser area, and a diffuser time inlet
velocity an order smaller than the speed of sound, an order -
of-magnitude analysis shows that the variation of the core
flow fluctuation amplitude with streamwise distance reduces
to a simple decay, which is independent of frequency of
oscillation

Appendix: High-Frequency Model for
Time-Dependent Core Flow Area

For incompressible flow, the instantaneous core flow and
blocked areas are

(•* u
f= 2irr ——

Jo M t
dr

A*=A-Af=7

(Al)

(A2)

Assuming small-amplitude harmonic oscillations,
penetrating unchanged through the boundary layer,

or

but

so

f * f u+Ue1^ 1
A*=\ 27rH7-————- \dr

Jo L Ut+Uel(at\

A* = dr

A* =\*2*r\l--*-]*-Jo L w t J (A3)

(A4)

For small freestream oscillations, Eq. (A4) can be ap-
proximated as

A*=A*[l-(U/Ut)ei<at] (A4a)

A*=A*+A* (A5)

where the oscillating component of blocked area (A *) is

A*= -A*(U/ut )eiut (A6)

From perturbing the equation A*=A—Af,it follows that

(A7)

Using Eq. (9), the mean blocked area can be expressed in
terms of E:

*=A-Af = A(l-Af/A)=A(l-E) (A8a)

)e^1 (A8b)
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Using Eq. (10),

B=(l-E)A(U/Ut) (A9)

or, returning to the notation for the core flow in the main
analysis,

B=(l-E)A(U/u)

and differentiating with respect to ;c,

dB / U

(A10)

-( ——~( u

- r l du
(l-E)A \-7--r-L u dx

U du
(All)
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employed in a power generating plant, in an automobile engine, in an aircraft jet engine, or whatever, requires a large and
fast mass flow or throughput in order to meet useful specifications. The impetus for the study of turbulent combustion is
therefore strong.

In spite of this, our understanding of turbulent combustion processes, that is, more specifically the interplay of fast
oxidative chemical reactions, strong transport fluxes of heat and mass, and intense fluid-mechanical turbulence, is still
incomplete. In the last few years, two strong forces have emerged that now compel research scientists to attack the subject
of turbulent combustion anew. One is the development of novel instrumental techniques that permit rather precise
nonintrusive measurement of reactant concentrations, turbulent velocity fluctuations, temperatures, etc., generally by
optical means using laser beams. The other is the compelling demand to solve hitherto bypassed problems such as iden-
t i fy ing the mechanisms responsible for the production of the minor compounds labeled pollutants and discovering ways to
reduce such emissions.

This new climate of research in turbulent combustion and the availability of new results led to the Symposium from
which this book is derived. Anyone interested in the modern science of combustion will find this book a rewarding source
of information.
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